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This paper is addressed to some aspects of low-speed inertial system alignment. Particu-
lar attention is paid to practical problems encountered which limit the accuracy of alignment.
The system under study has been taken to be of the three-gimbal north-vertical configuration
(z-axis vertical, x-axis north, and y-axis east), including appropriate damping and gyro-
compassing means. The earth is assumed spherical. Errors in indication of the vertical and
azimuth due to both component random errors and vehicle motion are treated. It is noted
that, in the analysis of system response due to vehicle motions, sinusoidal test excitations
although analytically convenient are not generally a valid description of the true base motions
of the vehicle. In fact, it is demonstrated that such sinusoidal testing leads to overly opti-
mistic expectation of system errors. Vehicle motions instead are described in terms of an
acceleration spectral density that is peaked at some nonzero angular frequency and that con-
tains no energy at zero frequency. This represents an attempt to account for vehicle metion
more realistically. It is graphically demonstrated that, since the inertial system behaves as
alow-pass filter to the hypothesized acceleration random process, longer system settling times
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lead to lower rms navigation errors.

Introduction

HE specific alignment problem under consideration con-

sists of choosing Schuler loop damping and system gyro-
compass action in order to place a three-gimbal north-vertical
platform in a prescribed orientation as rapidly as possible
under the constraints of maximum allowable error at the
vertical and azimuth indicating stations around the inertial
navigator loop. Platform alignment can be accomplished
automatically by inserting servo loops into the mechanization
during the alignment period. In the north-vertical system
under consideration the three gyros and two accelerometers
are mounted on the same gimbaled platform (Fig. 1). Call
0.,0,, and 8, small angular errors in the orientation of the
indicated (z,y,2) coordinate frame relative to the true coordi-
nate frame. Thus, in the alignment procedure, an attempt
is made to reduce 6.,8,, and 6, to minimal values within
time to align requirements. It is noted that the inertial
system alignment dynamies about the platform 2z and y axes
are tightly coupled due to earth rotation but that alignment
about z is almost independent of alignment about y and z.
Also, alignment about z involves no gyrocompassing, merely
seeking the vertical. Thus the z-axis (longitude) loop and
the y- and z-axis (gyrocompass) loop can be considered to
be uncoupled for small 6,,8,, and ..

The error sources are taken as gyro drift, speed source
noise, and vehicle motions (in the absence of a speed source).
Gyro drift is characterized as containing bias and random
terms where the power spectral density of the random terms
attains significant amplitude only in a frequency band that
is well below the system bandwidth. Speed source noise is
modeled as consisting of a bias and white noise term. The
white noise term may, in fact, be band limited. In this paper,
it is required only that its bandwidth be substantially larger
than that of the inertial system. Two types of acceleration
disturbing motions to the vehicle are considered. These
are characterized as pure sinusoidal' and a band-limited
acceleration spectrum with 0 d.c. energy. In this paper, only
the system errors due to random component errors and ve-
hicle motions are considered, since the bias error sources have
been covered in Ref. 2.
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Dynamiec Characteristics

Figure 2 illustrates the error block diagram for a gyro-
compassing and vertical inertial navigation system. The
system errors of interest are

0,0, = vertical errors
. = azimuth error
oL = latitude error
oA = Jongitude error

8V,,0V, = velocity errors

S1 and S, are gain constants for the velocity servo loops. S,
and S; are to reduce the effective radius of the earth, B, and
hence quicken the response of the system. S; is used to
correct misorientation in azimuth. The S; must, of course,
be chosen such that the system remains stable while meeting
the remaining desired performance characteristics. ¢; and
€. are the errors in the ¢th gyro and external velocity vector,
respectively.

The longitude loop is second order, and hence no absolute
stability problem is present. In the gyrocompass loop the
problem breaks down to an analysis of a third-order servo
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Fig. 1 Accelerometer and gyro (x,y,z) coordinate frame.
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system with three variable parameters, S,8,,S;, subject to the
criterion that, for stability (wz = earthrate),

818z > Szwg cosL €y

The gains S; to Ss will be defined to yield second- and third-
order loops with real and complex pole decay factors all equal.
This leads to a “critically damped’’ third-order step response.?
Following this procedure, it is seen that the characteristic
equation of the gyrocompass loop®? (S; > 1)

Ay = p* + p2Si + p(g/R)S: + Sa(g/R)ws cosL  (2)
now takes the form
A = %+ pBfawa + (1 + 28,9 + G’ (3)

where {, is the gyrocompass loop damping ratio, w, is the
gyrocompass loop natural frequency in radians per minute,
and

Sl = 3§‘nw.n
8, = (R/g)wa(l + 2{x7) (4)
Ss = (R/g)-(1/wg cosL){nw,®

The characteristic equation cof the longitude loop? (S5 > 1)
Ay = p*+ pSi + g/R Ss (5)

now becomes
Ay = p? + 20mwnp + wnl (6)

where {,, is the longitude loop damping ratio, w is the longi-
tude loop natural frequency in radians per minute, and

S4 = 2§ mWm
Ss = (R/g)on® @

Using these dynamic relationships, the system response to
random component errors and both sinusoidal and stochastic
vehicle motions can be investigated.

Given the dynamic relationship just derived, the settling
times of the second- and third-order loops of the inertial
navigation system have been specified literally. As is cus-
tomary, settling time 7, is defined as that time beyond which
the transient response is bounded by =+=5% of its final value
following a step input. This is about three dominant system
time constants given approximately by 3/ for low { and 6§
for high {. Figure 3 shows curves of dimensionless settling
time (wn,mTs) Vs system damping ratio ({a.») for both loops
of the analytically decoupled inertial system. The curves
for the second- and third-order loops have been published
elsewhere.* 8 It is seen that in each case there is a mini-
mum settling time for a given system damping ratio.

Effect of Component Random Errors

The component random errors that are considered in this
section are gyro drift and speed source error. (The speed
source may be electromagnetic speed log, doppler radar,
doppler sonar, etc.)

It is well known that a useful theoretical model for random
gyro drift has an autocorrelation function given by

@os(r) = A%ePl"! (deg/hr)? ®

where 8 is the inverse correlation time, and A? is the mean-
squared value of gyro drift. The spectral density associated
with Eq. (8) is

d,(w) = (A%/m)[B/(8* + w?)](deg/hr)*hr )

Assume that the gyro correlation time 87! is in the vicinity of
2 to 5 hr. Thus the gyro drift rate frequency spectrum lies
well within the inertial system bandpass. Hence it is con-
cluded that to a first-order the system passes the gyro drift,
i.e., the system tracks the gyro drift perfectly.

Because of the nature of speed source implementation, the
random component of the error is assumed to look “white”
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Fig.2 Error block diagram of gyrocompassing and vertical
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Fig. 3 Dimensionless settling time vs system damping
ratio for gyrocompassing (third-order) and vertical
(second-order) loops.
over the bandpass of the inertial system. Note that the
actual error spectral density may itself be band limited;
it merely is expected that the bandwidth of the noise is sub-
stantially larger than the inertial system bandwidth. To
demonstrate this approximation in a limiting manner, the

autocorrelation of the speed source error is defined to be

@ss(7) = D%~ knots? (10)
which results in a power spectral density of the form
@,(w) = (D7) [v/(v* + »?)] knots>time (11)
Now let y— =, so as to generate an impulse autocorrelation
function
®..(w) — (1/7)[D?/v] knots?-time (12)

where v may actually be of the order of 100 to 1000/hr, If
the white noise spectral density is defined by Sy, it follows that

So = D?/+ knots?®-time (13)
The steady-state (¢ > 3/{n.m®n,m) rMs vertical and azimuth
errors due to uncorrelated random gyro drift and speed source

error become (see Ref. 5 for the frequency domain calcula-
tion of mean-squared quantities)

4nt o Lon + g/R)ﬁ]]w ol

Cz)mz 4§‘mwmg2

[<0z2>]1/2 = [(512)
(14)
9wz? cos?L

[(0,)]"2 = [(€z2>——w4— + 8o X

n

(0241 + 65* +1 20,4+ 805 + e ~ 3g/R)VT2
FATwn(1 + 3547 ] ra

(15)
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(&) (21 + 2.2
wg® cos?L (Enton)?
$nwnl(wa® — g/B)? + 2{nwat

4_1]2}.0E2 cos?’L(1 + 3{.2)

[en e = [

Soa

]:IW rad (16)

where

(CORCRIACEY

Il

mean-squared value of z,y, and z gyro
drift, respectively

Soz,80y = values of z and y white noise speed source
error spectral densities, respectively
wE = earth rate = 0.262rad/hr

Note that for very lightly damped loops the speed source
becomes the fundamental contributor to vertical errors,
whereas z-gyro random drift dominates the azimuth error
picture.

In a similar manner the rms errors in velocity may be com-
puted. However, for the random processes described, the
steady-state errors in latitude and longitude are unbounded,
since they generate through an open-loop integration (see
Fig. 2). These grow as (f)¥? for large ¢.

From Eq. (16), it is seen that the rms value of 6, is in-
versely proportional to cosL. For navigation at low latitude,
[(8.2)]*? may be within acceptable bounds, but as L ap-
proaches 90°, [(8.2)]Y% is unbounded. Thus the gyrocom-
passing technique cannot be used near the polar regions be-
cause of the presence of component random errors.

Vehicle Motion Induced System Errors

This section is devoted to the self-damped inertial system.
The inclusion of an external speed source would theoretically
relieve this system of error dependence on vehicle motions,
provided that the speed source and the inertial system are
located at the same point in space.”

To obtain the effect on navigational system errors of any
vehicle motions, the true velocity of the vehicle Vi must be
appropriately disregarded. Figure 2 shows that accelera-
tion of the vehicle, V, is sensed and resolved by the x and
y accelerometers. The resultant signals are integrated and
divided by R to give indicated angular velocity signals V./R,
which then act as electric inputs to the z and y gyros. To
maintain the platform on the vertical as the vehicle navigates,
the platform must be rotated with respect to inertial space
at an angular rate Vy/E. The error in the indicated vertical
is the integral of the error in the gyro-torquing rate, i.e.,

t(V, Vr
o <R R > dt

It can be shown that the system response at 6.,0,, and 4.
to velilcle motions is affected only trivially by insertion of
the term —(Vr/R); however, for the error response at
velocity, latitude, and longitude, the true vehicle angular
velocity must be subtracted in order to obtain only the
system error response, since this term is now nonnegligible.
A convenient artifice for calculation in either instance is
to hypothesize, for this self-damped system, a corresponding
velocity-aided inertial system where the instantaneous speed
source noise is equal and opposite in sigh to the true vehicle
velocity. This phantom speed source has as a result no out-
put, yielding the required topological equivalence. All that
need be done in this configuration is to insert —Vr at the
speed source input stations (in place of €., and e,,) and ob-
serve vehicle errors as if the true acceleration and velocity
were inserted at the input acceleration and indicated velocity
levels, respectively. Such a maneuver is merely a computa-
tional device and has no real physical significance other
than that already mentioned.

Independent of the navigating vehicle type, an inertial
system will be subjected to spurious acceleration inputs that
are the result of environmental influences, e.g., wind gusts.
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These must be studied in order to determine the trade-off point
between the resultant system steady-state forced errors
and the time to align. Call V. and V, the spurious (con-
taminating) north and east accelerations. The transfer
functions relating vertical and azimuth errors to vehicle
motions are as follows:

0. Cawn® 1

Vet TP pcosh A an
by peX(1 + 20,0 + {awad
V:/g N Al (18)
. W
Vy/g B —Z; (19)

where V, and V, have the units of ¢’s.

The system disturbing motions are described by a peaked
acceleration frequency spectrum with zero energy at direct
current. The response to such vehicle motions can be
duplicated by putting white noise through an appropriate
shaping filter and observing the mean-squared system out-
puts. The disturbing motions are assumed to be stationary
in time, and the spectral density is defined such that the
mean-squared value of normalized vehicle motions is unity,
independent of the frequency characteristics of the filter.

The chosen spectral density is

40w w?
(w12 —_ (02)2 + 4:‘@‘12(-012&)2

|G(w)[? = (20)

resulting from a shaping filter transfer function of the form

2(Srw0)?p
p: 4+ 20w0p t+ w?
where {; is the shaping filter damping ratio, and «; is the
shaping filter natural frequency.

The vehicle motions, on the other hand, may be con-
sidered to be sinusoidal, of the form

V. = | V.| sinwd Vy = |V,| sinwdt (22)

Gp) = (21)

Assume
wy = w; = 60 rad/min G =01
[V.] = [V.,] =001 (2)vy

and rms noise acceleration values of 0.01g, so that the sinu-
soidal and random input acceleration rms values are identical.
On the basis of the settling time curve (Fig. 3), one might
choose ¢, =~ 0.6 in the gyrocompass loop and {» =~ 0.8 in the
longitude loop. From Fig. 3 it is seen that, if {, = 0.6,
then ¢, = 5.5/w,, and, correspondingly (. = 0.8 yields
b =~ 3.5/ .

The effect of varying o, and w. on the rms errors in the
vertical and azimuth as a function of system settling time
is investigated now. Figures 4-6 show rms 6,,0,, and 6.,
respectively, as a function of settling time for a range of sys-
tem frequencies for both stochastic and sinusoidal inputs.
Both w, and w,, vary between 0.6 and 6.0 rad/min. As an
example, assume that w., = w, = 0.8 rad/min. For stochas-
tic inputs, it then follows that

(23)

rms 0, = 6.2 X 107 secL rad ~ 120 secL(sec)
rms 6, = 1.02 X 105 rad ~ 2.00(sec) (24)
rms 0, = 5.7 X 10~¢ rad ~ 1.10(sec)

and for sinusoidal inputs

rms 8, = 1.6 X 10™%secL rad =~ 32 secL(sec)
rms 8, = 2.6 X 10~¢ rad =~ 0.52(sec) (25)
rms 0, = 1.75 X 10~¢rad = 0.35 (sec)

where 1 X 107% rad =~ 2(sec), and.the gyrocompass and
vertical loops would be settled in 7 and 4.5 min, respectively.
In this case, and in fact in all such cases, azimuth error is
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better than an order of magnitude higher than either of the
vertical errors. Again note that, because of the secL modifier
on azimuth error, the gyrocompassing technique cannot be
used near the polar regions.

Comparison of the responses of the system to sinusoidal
and stochastic inputs indicate that in each case the sinusoidal
excitation gives lower rms errors for all system frequencies.
However, the disturbing motions will, in fact, usually not be
perfectly sinusoidal but generally will be better described as
belonging to a random process such as given by Eq. (20).
Thus it is seen that, because of observed diserepancies in the
system responses, a sinusoidal response test of the system is
apt to lead to overly optimistic prediction of system errors.

Though certain parameters have been specified in Figs.
4-6, the result obtained is applicable over a complete range of
parameters. The system acts as a low-pass filter to the
noise source; thus, the longer the allowed system settling
‘time, the lower the rms navigation errors due to vehicle dis-
turbing motions.

This analysis has been directed at vertical and azimuth
errors. However, the same type error curves can be derived
for position and velocity errors. The trade-off between
settling time and rms errors is quite similar at all stations
around the inertial navigator loop.

As a last step, observe that, for the example cited, the gains
of the servo loops to be inserted into the system mechanization
during alignment are

Sy = 8w, = 1.2 rad/min

Se = (B/g)w.2(1 + 2¢,%) = 173

(B/g)¢nwa*(1/we cosL) = 10,600 secL (26)
84 = 2wy = 1.28 rad/min

Ss = (R/g)wn? = 115

&
I

where

R/g = 180 min?/rad

Discussion of Results

An inertial guidance system can be aligned by gyrocom-
passing and seeking the vertical, using the system’s own
instruments, and involving no external equipment. System
performance during this alignment is contaminated by com-
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Fig. 4 Rms azimuth error vs time to align for various
system natural frequencies.
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ponent bias errors, component random errors, and disturb-
ing vehicle motions (in the absence of external velocity
information).

If rapid alignment is desired in the presence of disturbing
base motions, then a trade-off must be made between align-
ment speed and resultant accuracy. In some instances it
may be desirable to sacrifice some accuracy in the interest
of rapid alignment. However, if alighment is to be per-
formed on a moving base, in the absence of external speed
information, base motions can be filtered only by lengthening
the alignment time.

In the analysis of system response due to vehicle motions,
it is shown that errors due to pure sinusoidal excitations give
a low and relatively unrealistic prediction of the expected
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: system natural frequencies.
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navigation rms errors. A better albeit higher mean—squdred
error prediction results from the use of a stochastic deseription
for the vehicle acceleration.
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Optimum Transfers between Hyperbolic Asymptotes

Frank W. GoBETz*
United Aircraft Corporation, East Hartford, Conn.

An investigation was made to determine the possible benefits of a single high-thrust
impulse during theé hyperbolic encounter of a spacecraft with a perturbing planet. The
equations are formulated to allow for the application of the methed to any two- or three-
dimensional hyperbolic transfer problem; thus, applications require knowledge only of the
hyperbolic excess velocities and the total turning angle of the maneuver. For cases in which
the planetary radius enforces a constraint on the closest approach distance, generalized
charts are presented to indicate the attendant performance penalty that is imposed. In
addition to the single-impulse transfers, a four-impulse maneuver is described. This ma-
neuver has the advantage of reducing performance requirements as well as increasing the time

spent in the vicinity of the planet.

Nomenclature

h
Q

coefficients of quadratic equation [Eq. (A6)]
semimajor axis

prime focus; center of gravitational attraction
planet radius

length of radius vector

velocity

characteristic velocity requirement of maneuver
angular change of velocity vector at impulse point
angle between incoming asymptotes

true anomaly

path angle

total turning angle of transfer maneuver
gravitational parameter

complement of half angle of hyperbola (see Fig. 3)

< mme s

<

| 1 1

R A D3 DR

Subscripts

= approach

departure

closest approach

Venus

incoming hyperbola

outgoing hyperbola

infinity relative to planet (sphere of influence)

g~y Qe

L 1 1

Introduction

EVERAL schemes have been advanced which use the per-
turbing effect of a celestial body to induce a velocity in-
crement in a space vehicle. Lawden?! has shown that about

Presented at the ATAA Astrodynamics Conference, New Haven,
Conn., August 19-21, 1963,
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509 of the heliocentric velocity changes required to effect
Hohmann transfers to Venus and Mars can be obtained by
perturbation maneuvers involving the Earth’s moon. Crocco?
has planned a 14-month round-trip interplanetary voyage
to Venus and Mars during which propulsion is required only
at Earth departure and Earth arrival. In this case, tra-
jectory variations induced by close approaches to the planets
allow the probe to rendezvous with Earth on the homebound
leg of the trip. These two examples differ in one funda-
mental respect, namely, that in the first case the perturbation
is sought deliberately, whereas in the second case it is inevit-
able. Nevertheless, in both cases the perturbation is used to
good advantage.

In order to capitalize further on maneuvers of this type,
1t would be useful to investigate the possible benefits of apply-
ing thrust impulses during the hyperbolic encounter with a
perturbing body. This problem has been considered previ-
ously in Ref. 3. In that study the optimum point for mini-
mizing characteristic velocity was defined for single-impulse
transfers, but no general numerical results were presented.
Also, no allowance was made for a constraint on the closest
approach distance during the encounter. Since such a con-
straint is a significant consideration, optimum solutions
of the constrained problem are desirable. ‘The purpose of
this study was to extend the optimum solutions of Ref. 3 to
constrained conditions and to examine the desirability of
using a multi-impulse maneuver to effect the transfer.

Discussion of Problem

The general three-body problem can be well approximated
(for space flight purposes) as a succession of two-body prob-



